Abstract. This paper presents a nonlinear theory of eddy current NDE response, applicable to EC measurements involving ferromagnetic materials. The theory treats the nonlinearity at the lowest nontrivial order. At this lowest order, the well-known Rayleigh relation exists, describing the non-linear hysteretic B-H relation, except that it is restricted to the case where the B and H fields are unidirectional and parallel to each other. Prototypical EC NDE problems require extension of Rayleigh's formula for vector-valued B and H fields. The paper examines a vector Preisach model, and points out that the vector extension of the Rayleigh relation is obtainable by the choice of a constant weight function. The given Preisach-Rayleigh model is amenable to explicit harmonic analysis, through which NLEC problems are soluble in Born approximation.
INTRODUCTION
It is well known that impedance signals collected by eddy current (EC) instruments exhibit nonlinearity when applied to ferromagnetic samples. The impedance Z(I) is essentially the complex-valued ratio between the output voltage V and the drive current I, and hence stays I-independent when the inspection system is linear. A ferromagnetic sample can turn Z(I) into I-dependent through its nonlinear response to the excitation H field. In order to isolate this nonlinear response from the signal, we may conduct impedance measurements for varying current intensity I, and examine the following quantity , defined as where I max is the maximum among all I. The quantity  may be termed a nonlinearity indicator because it vanishes for linear materials, while becoming non-vanishing and I-dependent for nonlinear materials.
At QNDE, 2010, C.C.H. Lo and the present author demonstrated successful applications of the nonlinear eddy current (NLEC) NDE to surface layer characterizations of ferromagnetic samples, where the nonlinearity indicator  was shown to correlate strongly with the sample conditions of interest. Specifically, the method was demonstrated to be effective, both on case-hardened steel samples, and on high-temperature-oxidized Ni-3Al alloy samples.
To understand the NLEC phenomenon quantitatively, the same QNDE talk presented a simplified NLEC theory based on a uniform incident field and layered half space. In general, Maxwell's equations in a conducting medium read 
For the case of uni-directional, uniform fields, and when the H field is weak, there exists the nonlinear hysteresis relation of Rayleigh's, which reads [1, 2] Successful NLEC model development for the case depth characterization problem motivated us to generalize the NLEC model to a broader class of EC NDE problems. In fact, a large majority of realistic EC inspections involves ferrite-cored probes which often exhibit nonlinear responses due to their ferrite nonlinearity. However, the Rayleigh formula (4) is inapplicable to general EC problems where the fields are neither uniform nor uni-directional. It is thus necessary to find a vector extension of the Rayleigh formula (4). This paper points out that the vector Preisach model with a constant weight function provides the needed vector extension. Moreover, the paper shows that it is possible to calculate the extended formula for a vector-valued harmonic motion as an input.
Following this Introduction, the next section presents a nonlinear B-H relation at the lowest order of nonlinearity in terms of the vector Preisach-Rayleigh formula, and its harmonic analysis. The subsequent section shows how to use the preceding result for solving the NLEC problem in Born approximation. The fourth section works out the NLEC problem in cylindrically symmetric geometry for concreteness, and presents numerical predictions of the nonlinear indicator  due to a long rod with a case layer, before drawing several conclusions.
PREISACH-RAYLEIGH NONLINEAR HYSTERESIS FORMULA
This section presents derivation of a nonlinear hysteresis B-H relation à la Rayleigh's, which is valid at the lowest nontrivial order of nonlinearity (Rayleigh regime) and applicable for vector-valued fields. We also conduct harmonic analysis of the resulting formula.
Extension of Rayleigh's Formula to Two Dimensions
The first and critical step is to extend the Rayleigh nonlinear B-H formula (4) to a multi-dimensional formula, valid in the Rayleigh regime. For this purpose, we start with the scalar Preisach formula [3, 4, 5] 
where  and w(,) are "relay" operator and a weight function, respectively. This is a phenomenological model of hysteresis, and, while being descriptive and flexible, it requires physics input to determine the weight function. It turned out that this determination is straightforward in the Rayleigh regime, i.e. the Rayleigh relation (4) follows Eq. (5) upon explicit integration when the weight function is set to be a constant, specifically   In what follows, we work with the 2D version of the Preisach-Rayleigh formula, thus derived from the 2D vector Preisach model [5] , which reads
. The weight  is taken to be a constant here, while it can be potentially -dependent in case of material anisotropy.
Harmonic Analysis of Vector Preisach Model
The second important step is to conduct harmonic analysis of the nonlinear B-H relations. The uni-directional result was known earlier [e.g. Ref 
The corresponding harmonic analysis in 2-D can be carried out in a closed form as well. Consider the input harmonic motion of the form 
SOLUTION PROCEDURE VIA BORN APPROXIMATION
Given the method to calculate the B-H relation, we can proceed to solve Maxwell's equations (2) 
NONLINEAR EC MODELING FOR LAYERED CYLINDRICAL ROD
In this section, we will exercise the solution procedure described in the preceding section for a prototypical EC problem, i.e. finite encircling coils wound around a cylindrical rod of an infinite length. Specifically considered is a layered cylindrical rod consisting of a layer formed around a core, where the core is made of a nonlinear material "a" (e.g. steel), while the layer is made of a linear material "b" (e.g. hardened steel that is approximately linear) [FIGURE 1].   FIGURE 1 . Illustration of the model configuration, with circular coil(s) encircling a layered cylindrical rod, where the core region I is made of a nonlinear material "a", while the layer region II is made of a linear material "b".
Fields in the Layered Cylinder
We first obtain the 0th order fields after setting R=0. The problem reduces to the well-known linear problem 
current intensity I max of 0.1 A, and for the case depths ranging between 0 mm and 4 mm, with the parameters tabulated in TABLE 1 below. FIGURE 2 presents a typical result, computed at 32 Hz. 
CONCLUSIONS
In conclusion, it is shown that the vector Preisach model provides a basis for formulating nonlinear eddy current (NLEC) modeling. Specifically, we have found an extension of Rayleigh's B-H relation to a vector-valued nonlinear hysteresis formula at the lowest nontrivial order of nonlinearity, by way of choosing a constant weight function in the vector Preisach model. Second, we have shown how to calculate the resulting vector B-H relation explicitly for the input H field undergoing vector harmonic motion, and obtained analytical expressions of the output nonlinear B field NL B  , expressed in terms of a finite sum of hypergeometric functions. Third, we have presented a solution procedure of the NLEC problem in Born approximation, by solving linear problems twice at the 0th and 1st orders of nonlinearity, while using the B-H relation to link the 0th and 1st order solutions. Fourth, we have explicitly exercised the solution procedure via Born approximation for a layered cylinder problem, predicting the nonlinearity indicator arising from a long case-hardened rod.
It should be remarked that detailed mathematical descriptions are needed for the complete exposition of this NLEC modeling method, the task being deferred to a publication elsewhere. 
